
NASA/CR-2002-211923

ICASE Report No. 2002-33

Termination of String Rewriting Rules that have One

Pair of Overlaps

Alfons Geser

ICASE, Hampton, Virginia

October 2002



The NASA STI Program Office... in Profile

Since its founding, NASA has been dedicated

to the advancement of aeronautics and space
science. The NASA Scientific and Technical

Information (STI) Program Office plays a key

part in helping NASA maintain this

important role.

The NASA STI Program Office is operated by

Langley Research Center, the lead center for
NASA's scientific and technical information.

The NASA STI Program Office provides

access to the NASA STI Database, the

largest collection of aeronautical and space

science ST1 in the world. The Program Office
is also NASA's institutional mechanism for

disseminating the results of its research and

development activities. These results are

published by NASA in the NASA STI Report

Series, which includes the following report

types:

TECHNICAL PUBLICATION. Reports of

completed research or a major significant

phase of research that present the results

of NASA programs and include extensive

data or theoretical analysis. Includes

compilations of significant scientific and

technical data and information deemed

to be of continuing reference value. NASA's

counterpart of peer-reviewed formal

professional papers, but having less

stringent limitations on manuscript

length and extent of graphic

presentations.

TECHNICAL MEMORANDUM.

Scientific and technical findings that are

preliminary or of specialized interest,

e.g., quick release reports, working

papers, and bibliographies that contain
minimal annotation. Does not contain

extensive analysis.

CONTRACTOR REPORT. Scientific and

technical findings by NASA-sponsored

contractors and grantees.

CONFERENCE PUBLICATIONS.

Collected papers from scientific and

technical conferences, symposia,

seminars, or other meetings sponsored or

cosponsored by NASA.

SPECIAL PUBLICATION. Scientific,

technical, or historical information from

NASA programs, projects, and missions,

often concerned with subjects having

substantial public interest.

TECHNICAL TRANSLATION. English-

language translations of foreign scientific

and technical material pertinent to
NASA's mission.

Specialized services that complement the

STI Program Office's diverse offerings include

creating custom thesauri, building customized

data bases, organizing and publishing

research results.., even providing videos.

For more information about the NASA STI

Program Office, see the following:

• Access the NASA STI Program Home

Page at http://www.sti.nasa.gov

Email your question via the Internet to

help@sti.nasa.gov

Fax your question to the NASA STI

Help Desk at (301) 621-0134

Telephone the NASA STI Help Desk at

(301) 621-0390

Write to:

NASA STI Help Desk

NASA Center for AeroSpace Information
7121 Standard Drive

Hanover, MD 21076-1320



NASA/CR-2002-211923

ICASE Report No. 2002-33

Termination of String Rewriting Rules that have One

Pair of Overlaps

Alfons Geser

ICASE, Hampton, Virginia

ICASE

NASA Langley Research Center

Hampton, Virginia

Operated by Universities Space Research Association

Prepared fiw Langley Research Center
under Contract NAS 1-97046

October 2002



Available from the following:

NASA Center lbr AeroSpace Information (CASI)
7121 Standard Drive

Hanover. MD 21076-1320

(301) 621-0390

National Technical Information Service t NTIS)

5285 Port Royal Road

Springfield, VA 22161-2171

(703_ 487-4650



TERMINATION OF STRING REWRITING RULES
THAT HAVE ONE PAIR OF OVERLAPS*

AI,I:()NN(;I.]Ni'_l{_

Abstract. This[)_q)¢ul)t'('s('nls;_ l)_lrti_d s(fluti()n t() Ill(' l(}ILg st_mdill_ Ol)('n ])r(}hl('nl of t(,rmin;lli{)n {)f

on(,-rul(' string r('writing. ()v('rl;|t)s l)(_tw('('ll tlt(_ two si(l('s of' the' l'ul(, i)1;_3- ;_ t'(,nt r_fl rol(' in existing t(,tmimlli()u

('rit(,ri_t. \V(, ('h_u'_t('t('riz(' t(,rmimltion of _dl on(,-rule string l'(,writing syst_,ms th_l h;_v(' one' su('h ()v(,rl_q) _t

(,ithor end. This l)()th c'ompl(,l('s _ r(,sult _)f Kurth _n(l g(,n(,r;diz('s ;_ _(,._ult ()f Shikishim_l-Tsuji (,t ;ft.

Key words, s(,IHi-Thu(' sysl(,m, siring r(,u'riting, ()tl(,-ruh', singl('-Hfl(' t(,HniH_ltion, unif()rm t(,lmimlti()n,

()v(,rl_-q)

Subject classification. ('Oml)UI(u" S('i('tl('('

1. Introduction and Related Work. T(,rn|in_tion of on(,-rul(' ._ring r(,writing ._)'._t_,ms (SRSs) is _

long st;m(tii_g oI)(Ut l)rOl)l('m [12, 13. 11, 15, 14.7. 16, 18, 2, 3, 4]. Th(_ fir:_t system_ti(' _q)t)r();_('h w_,_ ._t_rt['(t

1)y Kurth [8]. H(' inlr()(tu('(,d ;t mmfl)er of t(,rmin;_tion (u'iteri_t to s()lv_, termin;_tion |i)r _ll [ -+ *' wh('r('

]Host ()f Kurth's ('rit('ri;_ (5 out (if 8), _md in(l(_(_(t most. of th(' (u'i_(u'i_ il_trodu('('([ sin('('. ;_r(' t)_._('(l ()_ lw()

s(,t.s: the s(,t of" ov(u'l;_l)S of th(, left h_m(l side (from t.h(' left end) with th(' right han(t si(h' (['l'()[ll i'll(' t'igh|

(,n(t); an(t th(' s(,t of ov('rlat)s ()f th(' right h;md side (from t h( _ left (,n(t) wi_ h th(' left ttan(t si(h' (fr()m the' fight

end). Kurth's Crit(,riot_ D stat(,s tirol we hay(, termination if ()he or I)()th of the two sets ;tr(' ('rapt).

In tim (:asr wtmrc t)oth s(,ts are singletons, w(, say that the (_n('-r_fl(' SRS has on¢_ pai_' of ot,_'H_q_.s.

Kurth [8] l)rovi(l(,s (_rit(,rion F sp(,(:ifi(';dly for this case. As Crit(_rion F _'_m only prove t(,rmin;ti'i()n ()|' rul(,s

tlmt _t'(' l(,ft |)_u't(_n or right l)_rr(uL it is in('Oml)l(_tr as we will show (Exat_q)l(' 2). Shikishima-Tsu.ji (,t _d. [16.

Th(,or(,m 2] show tlmt a couflu_'.nt on(,-rul(, SRS with one pair of ov('rlap_ i',(,rnfin_t('s if and only if th('r(' _r('

no loops of l(_ngths 1 or 2. As _ (:(tns(_(luen(:e termination of such SIISs i_, (t(_(:i(t;fl)h '.

This pal)('r (:()ml)lctely solves t,h(, termination l)rol)lem for one-rule Sli_Ss with one ov(,rl_q) pair. W( _ t)rov('

theft su(:h an SRS terminates if and only if it has no loop of lengths l, 2 or 3 (Theorem 7.1). This iml)li('s

(l(,('idat)ility of tim t.ermin_ttion t)ro|)l(un.

It turns out that the (,xt('nsion is non-trivial. Thrr(_ are two ])(,h;]vi[)urs that w(_re ol)serv(_d t_(,ith(,r t)v

Kurth nor t)y Shikishima-Tsu.ii ctal. Loops of length 3 is one of th(un; the other is terminating non-tame

l-ii[(_s.

This t)aper makes the following original contril)uti(ms:

1. T(,rmination of one-rule SRSs with one overlat) t)air is showt_ (lr_'i(tal)lr.

2. T(,rmination of one-rule SRSs with one overla I) pair is shown e(llt_valent to th(' non-(,xist('n('(' of loops

of length 3 or l(,._s.

3. Terminating on(,-rulr SRSs with on(, overlap pair are s]|owt_ to ]_v(' lin('_r (t(,riv_ti()n h,ngths.

4. Th(, first t(,rtnitt_tion ('rit(uion fl)r a ('l;_ss of n()n-Iame onr-rul(' _RSs.

*This work w_ts _Ul)p()_t(_d t)y till' Natio_al A_,r'()llauli(:s and Npa(:(' A(lmitfist_at io_t _m(l_,r NASA (!ontt'a('l N(). NAN 1-!17016

whih' _IH' aulh()r w;ts i_ rt,si(l_'n(:(' a_ [(_ANE, N,\_:\ I,angh'y t{cs(,a_'(:h (_(,_lt':', ttamt_)m VA 2:¢_i81-2199, i' N:\.

I A(t(lr_'ss: I(!ANI'L Mail Slop 1:{2( !, NASA l,;_llgley }-_(,s_rO_(!ent(rr, [l_mpl()ll, V._, 2:{(i8l. E-mail: geser©icase.edu

_An English pr(,s(,ntatio_ ()f Kurtil's (:hapl(,r _t_ l_,rmimalion ('ai_ |)(' f_mn(l i_ th(' _ulh_r's hahililatioH th(,._is i:]].



Thepaperisorganizedasfollows.Af'torl.hotn'oliminaries(Soot(on2) mM an introduction to left bmrezi

and tamo rulos (Soction 3), wo focus on tho intorosting nOll-ti/UlO CILSO. In Section 4, wo dorivc a ])klttOl'ii IhHt

describes )h(, l|()ll=talil(, lllles. In Sections 5 and 6, we solve the non-terlnillating and tortninating non-talno

rlll('s, rosl)(,('|iv(,ly. S('('ti()n 7' finally shows tit(, lllaill thoorom of tho paper and its Ialllifi('ations.

2. Preliminaries. A ,string rewriting r'ulc is a pair {' -9 r of strings, (.r E E* whero v is a given

alphal)('t. A set of string rewriting rules is called a ,string rewritin.q ,system (SIIS). An SIIS R induces _

rcwrit(_ step r(,lation -4 (l(,finod by .s _ t if" thoro are u, t, E E* and a rule { -4 r in R such that .s = it.to, and

t = ure. Th(' SRS R is said 1o terminate if thoro is no infinito soquonc(, t)f rewrite stops ,s.j _ s., _ ....

A string u is ('Ml('d a factor ()f v if (, = ,s'ut f()r some s, t E _v*', a prcfi:r if" _, = ut for s()m(, t E _v*', a .s'ujJi:r

if" (' = .s, for some .s' E E*. Th(' prefix or suffix u of _, is ('allo(l proper if, # (,. The so( ()f overla, ps of a string

, with a string 'v is dofine(t I)y

OVL(,,, ,,) = {u, E X + I" = I""', " = u"/. 't'"' # _:. ". '/ E "_* }.

Th(' length of a string u is (lenoto(l ]iy ]u].

3. Left Barren Rules. For a fixed one-rule SRS {t_ r} let .4 = OVL0'.f) and B = ()VL(t,r). In

what follows we consider .4 and B as disjoint. For all <t E A. the strings t,, and r,, are defined t)y [ = ot<,

and r = r,_o, resl)e('tivoly. Likewise, for all/t E 13. the strings [",_ and r,_ are defined by t = (';_,4 and r = 3r'<_,

r('sl)octivoly.

The following definition of "left barren" is after McNaughton s corre(:tod version. The original definition

is renamed to "left s-barren" (see Definition 3.4), fifth)wing a sugg(!stion of Kobayashi el al. [7].

DH:INITION 3.1 (Loft t)arren, right t)arren [12]). A o'ne-rule SRS {g --_ r} is called loft barren g [' is

not a factor of r and no f,,, <_ E .4 is a prefix of any concatenation r _ ... r _ where/_l ...... /4_. E B. k > 1.

Dually. { [ -4 r} is called right barren if ( is not a factor of r and no t'_, d E B is a suJfix of any concatenation

r,_ ...r,,_. where cq .... ,(t_. E A,k _> 1.

A one-rule SRS {( _ r} is called non-overlapping if OVL([, _) = 0.

Tm.;Of_t.;M 3.2 ([12]). Every non-overlapping, left ba_7'en, one-rule SRS te_ninates.

TIIEOREM 3.3 ([3]). Every left barwen one-rule SRS terminates.

By symmetry w.r.t, reversal of strings also every right t)arren one-rule SRS ternfinates.

DFFIN]TION 3.4 (Left s-barren, right s-barren [12, 7]). A rule [' _ r is called left s-t)arren g no t_, ¢)E .4

i.s a preJi:r of any r 3, __ E B. Dually [_ -+ r i.s' called right s-1)arren g no t',_, H E B i.s a suffix of any r,_, o E .4.

A loft harren rule is loft s-barren, but the converse usually does not hold. Indeed we will encounter

left s-barren, not left barren rules later in this paper. They 1)elonv; to a (:lass (if rules whoso termination is

particularly difficult to show. Next we will define this (:lass.

In the following (tefinition we consider A, B as (disjoint) alt)habets. For ?7 = r)_ a_ ... o:t. E .4* we define

trr t)y t'c_ = t;¢,,t),._, ...g,,_. And dually, for _ =/3n/32...dr. E B* we define/_ 1)y gT_ = t q, t,_: ...t_.

Kol)a.vashi et al. [7] introduced the notion of tame, non-overlapping one-rule SRSs.

DEFINITION 3.5 (Tame [3]). Let {t -4 r} be a one-rule SRS. The sets C and D are defined by

C = {r' E v* I r =/3¢_-r ,;:¢ E B,_ E A*},

t ,D = {,.' e I , = , • A, 3 • o" }.

Then g --+ r is called tame if ¢ is neith.er of th.e form

()<FI F2 . . . Fk¢l_._ (3.1)



fOl" fl,71,11j ¢_ _ A, _: __ 1, f'l ..... I" k E _!, o,?l,d llt)H-(!lll, p_l] IH'f'_'J: tl, of (ZH ('lf!Hlf,llr[ of (_: 'DO7" of _h(! foT"lD

n,r,r.2., rj,3, (3.2)

fi)r any 3 E I3, j __ 1, rl ..... r.i E D, trod lld.rll,-f'HIrpt'l] ,SlI_'E IU of ¢1'I_cIFIIt,!HI of D.

The following result is implicit in K()hayashi et al. [7, Cot. 5.9].

TtlEOIII';M 3.6. E'_I(_':_t _lo'n-ovc_vh_pl_im,I, tame, Icfl s-bm'reTi o_w-vu.h' fiRS is left bm'vcn.

TU_.:()I_I.:M 3.7 ([3]). Evcr:q tame., left s-bm"r_r_t o'n.c-rulc SRS is h:fl t,ar'rc'n.

By symmetry, every tame, right s-t)arwn one-rule SRS is rigln harry' L

Proof. For a proof by contradiction, assume that ( _ r is llOl h'fl Imrren, i.e., some t,, is a pre[ix of

some ccmcatenatio|| r;_.r3., .... r,_ . Let n be lninimal. If _1 = 1 then ( + r is not h'fl ,s-tmrren. So 11 _> 2

whence (, is of the form r;fl r_s._..... rA, _u, where u, is a none|npty Ira'|ix d re,. Hence ( is ¢_|"the form (3.1)

and so ( --+ r is not tame. 13

4. A Reduction of the Problem. Throughout the remainder of this paper we assume a otW-luh' SRS

tf -_ r} that has one pair of overlaps, i.e., I ()VL(r,()] = ] ()VL((, r)] = t. Let then n. d E _Z+ h,, &,tined l_y

()VL(r,t) = {n} and ()VL(t,,') = {d}.

VG, will devote the gi'ealer part of the paper to solving; the intelesting case: rules that are left s-lmrre||

but neither left barren nor right s-barren. According to Theorem 3.7. tt _,sc, are no,-tame, specifically they

are of the form (3.1). In this section we will derive the gener',fl pal ter'l of such ruh,s. Let us he|wefi)rth

assume that t is not a factor of r and that Itl < I,l.

The first pattern is derived without the right-s-I)arren h.vt)ot|wsis.

LEMM:X 4.1. Let [ _ r b_ left s-barre_ but not left bam'en. The, /d] > 1hi and t _ r is of the form

n(ww')"-lw _ 3u,u '_ (4.1)

fin" .so'me 71 >_ 2, u� E E*, and w E _ .

Proof. Let t _ r be left s-barren but not h,fl barren. Then we get I 3' the reslwctive definitions that [,,

is not a prefix of r3 and that (:,, is a prefix of r'_¢form some n _> 1. H_,nc(, r_ is a l)rot)er prefix of (,,. So

let ((_ = r "-1 , = •j w where u __ 2, and w isanon-empLvprefixofr_. Let w' E E* twdefined hv r_ u'M. Bv

l)a(:k-substitution we get the form (4.1). From 1_3,',_1= I,'1> Itl = I,),;;- ' ,'I we (:o,,d,,d,. 1_31> I,*l.

If we a(ld the right-s-barren hypothesis, then we can rule out the (:a_e where (_ and d overlaI) in _.

LrMX_A 4.2. If t _ r i.s I@ s-barren but neither left barren nor r'i_3t,t s-barren, then I-I + 1,31_<1_t.

Proof. For a t)ro()f 1)y ('ontradicti(m assume I,_1+ l:_l >Itt. Let t _ r I)e left s-barren but not left I)arre|L

By Lemma 4.1 we get that (_ r has the form (4.1). Then t)y Inl + I,_l > IClthere is a non-('|npLv suffix u

of n such that /t = u(u,w_) ''-_.,. Define n _ E E* by n = n'u. The strinr; o' is m)n-eml)ty hy ,3 _ [. Thus [

and r are of the fl)rm

( _--- (it t(ll!'lF, t)n-lll?,

I t --1 _ I
I" = I1(11 1 _ ) II I1_11! ,

fl)r some n > 2, I1/ E _ , and (_,o,u, E _+

Now let moreover [ _ r not I)e right s-barren, i.e.. let (,_ t)(, a suIfix _)f r(_. This is ext)ress('d (,quivah'ntly

t)y the string equati(m zt'3n = r for some z E _*. Using (3 = n' ll_is inslantiat.es to

11!11!1) ,'_ -- II _ '11 IFIITll_ .2(1' (_: I1



Let m _> 0 be maximal su,'h thai ((,,,,')"- l ,,w,,')'" is a suffix of u. Define u I C Z* by u : u I((ww') "_ l ,'u',")'".

Th(m ,1 is a l)rop(_r suffix of (ww') .... lwww', and th(, (,qllatiOll r(!(hl('(,s to 2(IQ_'III --tit ('it,n!')" ltrwtt,'. If

m > 0 then o'ul G ()VL(r, {'), a contradi('ti()n. S() m -- 0 klll(l H = H I .

If' "l is a suffix of ,,," then u,w G ()VL(/,r), a ('ontradiction. So u,w' is a prot)('r suffix of 'ul- Let

,._, G E + b(' (tefin(,(t by 7tl = ,,eww'. The e(luati(m l'edllC(_S It) zrlt(ltll. 2 = O,2(ll_ll!')t_tt,.

By (h'finiti(m of 'ul, u,. is a pl'Op(w suffix of (ww')"-1,w. Then u._, C OVL(:, r), a eomra(liction. 0

If _ and :4 lie no! Ovlwlap in t. then w(, can narrow the pattern fin' th(, rule:

IA-;M_I,\ -1.3. Let / --+ r bc lvft s-barren but not left barre,. If [<_l + [:¢[ < [/[ then :--+ r is of the form

oo_:r!lo., -+ !lOU,w:ry(l (4.2)

for ,wrmc x C E* and /l,o w C E +.

Proof Let f -+ r b(, left s-])arren t)ut not left })HI'l'(ql. By Lenlma 4.1 we get that t --> r has Ih(, t'()rm (4.1).

Cast, l: 3 = u,'(w'w) i fl)r some 0 < i < tt - l, and some non-emt)ty sutfix u," of ,'. lf i > 1 t]l(,n

,," C ()VL(t, r), a contradi('tion. So i = 0 an(1 3 = w". Then

t,'l - Ill = I,l'"l+ I.,I 4- I."1 - (I-I 4- ,,[,.I 4- (- - 1)1.,'1) < o.

again a ('ontra(tiction.

Cast, 2: /_ = 'u."tt:(w'w) i for some 0 < i < _'/ - 2, anti some nollelnpty sutiix w" of w'. If i > 1 then

'w"u" E OVL(g, r), a contradictiolL So i = 0 anti i4 = w"w. Let u:' = a'w" for some string x. Then we have

t' = ct(w:r'u/') '_ tw,

l* _- 'O?¢'llYll}_Fll_l' 1

flll(] SO

[,'1- Ill = 21.:'1 ÷ 21u,I+ I:,']- (Ic_[+ (,_- 1)l.,"l ÷ (. - 1)[:rl 4- ,@,1)

= (3 -,n)Iw" I + (2 - ")l"'l + (2 - ,,0I:,l -[,_[.

If, _> 3 the,, Ir[ - Ill < 0. So n = 2 and [r I - It[ = Iw"l - [_t > 0 whence ]'u,"[ > [(_[. By definition of, now

a is a prot)er suffix of w". Let w" = yt_ for some y E E +. We conclude that g _ r is of the form (4.21). [3

Putting Lemma 4.2 and 4.3 together allows us to narrow the rule pattern fllrther:

LEMMA 4.4. If t --+ r is left ,s-barren but neithe, r left barren nor right s-ba_7"en then t --+ r is of the form

I : _'_ +_rw.r(yo:wx)_'+lmv _ yo:uJ'.u wx_._towa': _. (4.3)

for some m > O, x E E*, and t_,w,_.l E E +.

Proof. Let g -+ r l)e left s-barren t)llt neither left ])arren ilor right s-barren. By Lemma 4.2 we get

[c_[ + [/4[ < tt[. By Lemma 4.3 we get that t'-+ r has the form (4.2).

Tim l)rot)erty that g -+ r is not right s-barren means that t's# = awx is a suffix of r_ = yowu,xy. Then

we have t() solve the string ('quation

:awx = y_wa,:ry (4.4)

for z,x _ _ (_,w.y E v+.

Let m > 0 t,e ilmxilnal such that y" is ;/ suffix of x. Defill(' :r_ E E* t)y x =:l'¿l]'". Then z(iw:r, =

y(twW:rly anti :r I is a prol)(q' Slit[iX of I]. Define /It E E + })y y = ,/]13'1- Then zaw = y_:r_(_w'w:r_ y_.



If #l is a suffix of u, then !/l E ()\'L(/'. 1'), a ('()ntra(li('ti()n. So ,, is a l_rot)('r sutfix ()f :/1. Define !/'2 E YZ"+

I)y Yl = !/=)u,. Th('n I he equation re(hw(,s t() co = y._,u,.rl _,',,.rl !/_.

If :/., is a suffix of o then !/._,u, E ()VL(t, r), a c()ntra(ti('li()n. So o is a })r()p('r suffix ()t" :/:,. l)efin(' :/:_ E _+

by j/._,= :tl:_¢_.Th(' (,(iualion r(,du('(,s t() _- -- y:_u,:r_ ¢_u'u,:rl t,:_ whi('h is trivial.

By ba(:k-sut)stituti()n we g('t

it/ = !/i,rl = ?l,,_tl_:rl= /l:¢¢t.,;r|.

d" ---- 2rill m _ d'!(!/3(_tUd'l)m.

[= ¢lu'x/lo.' = _tu_.rl (!/:_)tcJ'l)"'+1o.'.

_ )nJ ,c 1r !]¢_tt_o_.r!ir) !]:_ott'3" I ¢1 t_lt_l'l (!]:_(tlt'.rl (_.

and thus th(' form (4.3) I)y th(' renaming ,F 1 _ d', ]1:1_ *_]"[_

Th(' fl)llowing is interesting to not('. It exl_lains why rules of th(' form (4.3) w('r(' not ot)s(,rv('(t 1)v

Shikishima-Tsuji (,I al.

TIIE()I¢I,:M 4.5. All ruh',s of the ./o'rm (1.3)arc no'n-confl'acItt.

Proof. A ()n(,-ruh, SRS {,t -+ r} v:h(,r(, ]'_l < I,1 t,_(.(,,,,,,,t if and ,,nly i['()VLK(, [) C_()VL(r, r) I)y a result

of Wrathall [17]. A rule of th(' forln (4.3) satisfies (tu, E OVL((, (). If ct," E ()VL(r, r) then _u_ E ()VL(r. ().

a c()ntradi(:tion to ()VL(r, t) = {¢_:}. So :_u, E ()VL(t, t) \ ()VL(r, r) whe_('(' t_ r is not confluent. CI

In the next two s(,('tions we are going to identify the non-termi_ at inK and the terminating instanc't's of

the form (4.3).

5. The Non-terminating Case. A rule of the fl)rin (4.3) lo()ps in the following case:

LI-:MMA 5.1. Let [-+ r be h'ft s-bo, rre,n but, neither h_fl barrcm _tor _igh, t .s-barren. If :,J;_ i,,s a suJJi:r of

r.. then th,r_ onc-v'Mc SRS {[ _ r} I_r_l.s_t loop of length 3.

,t_- 1 ;'Ill(| l':' It'd !! fOl" SOIlIO tit E v'+ v'* __Proof. Like in the prt)of of Lemma 4.1. we get 1, = _',_ ur = _ , u ,_E _ , n > 2.

In th(' l)roof of Lemma 4.3 w(' sh()w('(l n = 2. Vfith r, = ¢,1'_'_ for some _, E E*, w(' then get a loop:

[(,, --+ r,,.t,, -+ r,,r = vt,#;_dr,_ -+ .L:r,_ = '.t_dz a',¢ = t,tr _r,_

: t'_('o It d.

C]

These lo()ps at(, also instanc(,s of Km'th's criterion for loops of lent.:h 3 [9, Theorem 2. Case At. The

fi)llowing little resuh l)rovides an alternative criterion to Lemma 5.1.

Lt':M.',IA 5.2. If [ -+ r h,as the form (4.3) then the followin,9 are equ'_,ahmt:

2. m = 0 and !1 = !/'tvu_:r for so'me yt E W.+.

Proof. ()l)viously (2) implies (1). Next we show the converse 1)y ('ontradiction. Let f --_ r have the

form (4.3) and let f,_(,_ I)(, a suffix of r_. Define t' E E* I)y r,, = vl.d"3. If m > 0 then y is a suffix of you_

and then y_¢t_ E ()VL(t,r), a (:ontradicti(m. \Vith m > 0, th(, string _u_.r is a suffix of _wu,xy. If y is a

suffix of ¢_u,:r then prow E OVL(C r), a ('()ntra(li('tion. S() r_w.r is a prOl('r suffix of y. i.e., there is f E v+

such that .q =/l'(t._:r. [1

F_X.,\MI'IA'_ 1. The on_:-rulc SRS

abdababab --+ dabababbdababo



ha,sa loopoflength,7:

abd.bt_babbd.b.bttb

dn b_lb. bbd a tm bnbdcdm ba b --+

dabababbd.b.bd.bobttbbd(ibt&tl --+

dabobabbt_ _tbdtlbababbdababab [dabab..

Redc:rc.s" ure underlined. The re-occurrence of the start strin 9 is indicated b9 a bo:r. Thi.s' e:rctmple provide,s

the sm.allest non-termin¢_ting witness (Irl = 14) of Lemm, a 4.4.

6. The Terminating Case. For this se('tion let us assume a rule of lh(' form (4.3) wh(,r(, [_[_ is not

a suffix ()f r_,. We are going to r('du('(' t(,rminati_)n ()f su('h a rule t() t(wminati()n ()f an SIIS R over a (liffer(,nt

alldmbet. Termination of I? will I)e easy Io prove.

Define r_, r_ .... and r_.,_ by

r = r_['s_t_, r = ,drA,( tt, r = _:4r 3 ei(3(_.

These definitions are somid as witnessed by

t'_ = (r,,x(;q(tu,.r)",

I"6 = 'qOzltl2t:O_lLrlt!_.tl;

r3, n : _l;x(yo_t_.r) re+l,

r3 5 = wxy.

LEMMA 6.1. Let t' --+ r have the form (4.3). Then the following rewrite steps exist:

?'n I" --+t-+r 7"gr7"_4_ l'(_7'a --+g--+7" 1'_7"7"14 n ?'t_7"g -")'t_--+r 7"¢'iT"r_4.g,

7"_3,o 1' -'+ (-+ r I';'1,g _i'7";_ _ l'iq ,(_ 7"n -"4 t _ t. 7";3._rl" d ,r_ , I'_:l _'1"¢_ --_ t -+ r 'F_4,_i7"7',_,6 •

P_vof. Routine. [3

LEMMA 6.2. Let _ --+ r have the form, (4.3) and let (',_{ _ not be a s'uJ_'x of r(_. The', t is not a factor of

_nU of the followin.q: (I) ,'_,', (2) ,'r_, (3) "",_,e"_," for anU i > O.

Proof For Claim 1, let i > 1 be least such that ¢ is a factor of r_r. Then f_ is a suffix of .i beemzse ,:4-- t 6

is the only overlap of g with r. Since [_d_3 is not a suffix of r(_ = rJ_3, {'_3is not a suffix of ;0. Hence 5' is a

proper suffix of g_3and so of :qctw:r. So 9(_u, _ OVL(C r), a eomradiction.

For Claim 2, let t be a factor of rr¢3. Because a is the only overlap between r and [, we have I/_,_1_< Ir,¢t,
a contradiction.

For Claim 3 assume that t' is a factor of _,d_z_i_' for some i _> 0. By. Claims 1 and 2, g is neither a factor

of r_3,ar_r nor of rr_,6; so g is of the form g'r_,ar_g" for some 0 _< j < i and some non-empty suffix g' of r

and some non-empty prefix [" of r. Thus g is of the fi)rm _r_ _rJ/3. If j = 0 then wx(ytrwa')'" = .:z!l which

contradicts y, o _ E +. So j > 0 and y is a proi)er suffix of ,t,3. We get a contradiction by :qn:u, _ ()VL(t _, r).

[3

The six-rule SRS R oww 9t = {a, b, c, d e, f} is defined as h)llows:

R = {g'g" _ h'fh"l(.q',h/) _ {(,t,d),(c,c)},

(:/', h") e {(.,,'), (,_,,,).(f,b)}}



Doting, the weight ,,t'* (.r) of a string ,r by ,,t(,) = wt(c) = 3, tvt(l_) = ,,t(d) = ,'l(c) = ,,t(f) = 1. and

WF(a:l ... a't.) = _[_'-1 wt(.ri). Then R t(,rnlin;it(*s I)v

,,,F(,,) -,,,F(r) = (,,,t(._/ - .,f(l,')) -.%f) + (,,'t(o") -,,,1it,")) = 2 - 1 + o > o

['_)r all r{,write swps i1 --+,¢ t,.

Let the string hOlnomorphisn_ 0 _* --+ _* he d_,fincd by O(¢J} = r,,. o(h) = r.3. O(c) = r_ .... o(d) =

r,s,O(r) = r _.,_,o(f) = r. By L_,m,na 6.1,, -gh' *' implies 0(") --+_ *, 0(1': for all ,, _, E _F. However we will

n_,,,d lh(' ('onv_,rs¢ dir(,<'ti<m. To this end 1(,I us (h,fin(' lh(' regular bmgua_,_' 'v/ by

.%d = (, + d(fc)* + d(fc)*fc)*(,f + d(ft)*f(cf + b)) + f.

L(', O[,'vI] d('l,Ot(' th(' set {o(,) ] , E .Vl}. \V,' are going 1(, show l]lat {[ -+ r}-rvductiot. Stel)S on O[.k4] can

b(' simulated by /Lr(,<hu'ti(m steps. First we sh<)w that /?-reduction [)r(,s,'rvt's O[.DI].

LI.:MMA 6.3. If u E .'V4 aml u --_le. _ thc_, t_ C::.'v4.

P,',,,,f. L('t (:t,/") E {(,,.¢1),(,',,'5} _,n,t (:f,h") E {(,.,'),(,t,,'},(f.t,)}. L,'t ,, = ,,':/:/',," E .Vl _,,,,1

_, = u'h'fh",". Then wv derive

u' E (, + d(fc)* + d(fc)*fc)* if !l' = el.

.' E (. + d(f,)* + d(f,,)*fr)*d(f,')'f if :1' = c.

Case 1: ¢.f' = a. If!t' = a then u" E ,.kd whence _, = u'dfcu" E .'d. Ifg' = e'then ," = f whi,nc('

Case 2: ¢.1" = d. Then

t," E ((.:,')* + (fc)* fc)(,, + d(fc)* + d(fc)* fc)*(,f + ,f(fc)* f(cf + b))

+ (fr)*f(cf + b).

If .q' = , then _, = u'dfc," E ,.Vl. If .q' = c then _ = u'_:fcu" E .k4.

Case 3: YI" = f- If ._/' = a then ," is the empty string and r = ,'dftm" E ,.'vl. If !1' = c then _" is again

the empty string atl(l ,! = ¢}e:fbu" c::..Pl. []

Nexl we derive a few l)roI)erties of. E ,_ if O(u) contains a factor t.

LF:MMA 6.4. Let u E ._4 m,l s',.s" E E*. If _(u) = s'¢:._" the',., = "'f !l""", ]O("')l <__I._'1< t0(.':/)1,

I_(,,")1 < b_"l < I,,_(v",,')l fo,.._omc u',,," E _r, V' E {.,c}, ¢' E {..,¢. f}.

Proof. Suppose thai u E ..'wl, s',._" E E*, and @(u) = s'[.s". Le! ,' E _* be the longest prefix of ,t such

that 10(,,')I _< I.¢1- L(,t ." • _r be the longest suffix of, such tha_ ]o u") I < Is"l. By" ]O(")] > Io(,,',,")t

there is _, E E + such that , = u'_,u". Define t', t" E z* by .s' = O(u')t' aud s" = ¢'O(u"). Then

0(_*) = 0(.')0(_)0(.") = 0(.')eft"0(.").

whence o(_,) = t'¢t". The case [t,I = 1 implies lhat g is a fact.or of r. so Id > 2. w,, distinguish cases on _h{'

form of c.

Case 1: ,, E _F(, + c)(a + d + f)_F. Let .q' E {,,c}, .q" E {a,d,f}. _", c" E _/*. and h,t r = _,'.q'f'r".

\\b flu'lher distinguish cases whether It', _'" are empty strings or no_.

Case 1.1:I_,'1 = If"] = 0. Th(m r = ff'. By definition of,' we gm t' I < ]O(f)]. By d(,tinilion of," we

g,,_ It"l < Io(¢')1. The claim follows.



C;,so1.2: Iv'l = 0. Iv"l > 0. By Irl > Itl +m,, Ir,,I > ICla,_d '. E ._ wo got t, _ (. +c)d+(a+d+f).

Lot v = vo9o fl_r sonu, vo E (tt + c)d #, and !Ju E {o,d,f}. Then lhore are t',t" E Z+ such |,hat t'= t't',

o(vo) = t'(', and 0(9o) = ["t". Since 0(9o) is a l)rofix of r, we obtain _"' E ()VL(t, r), so t_'' = 3 and (' = G.

135" &'tin|lion of _'u- n<_w 6(d) = ra = !/(_w:rou,u,;r!l is a suffix of t'_ = e_w;r(!/trwJQ'". So m > 0 and !! is a

suttix of !ttru'.r. Then !I_"' E ()VL(t, r), a contradiction.

Cas,, 1.3: ]'"l > O. Iv" I = 0. Let t, = v,,.q,, for some v, E _2+(n + c), and .q,, E {a,d,f}. Thon there

arc, (', g" E _+ such that t = t'f '', 0(v0) = t't'. and 0(9o) = g"t". Since O(!lu) is a prefix of r, we obtain

t" E ()VL(& r), so t" - 3 and {' = t,_. Then

I¢_1= Io(,,,,)1> I_:_(,')1= IF_+.I> IC+_l.

a contradiction.

c+,,_,,1.4: I,"I, I,,"l > 0. B:-I,'1 > Itl +_,dI,'(,I > ICl+,,t t, E 34 w,,g(,t .q' = (._u,d .q" = ,t. S,, O(m) = ,'+_.,,'a

is _1 f_l(i|()l" ()f t', wh(_iic,, I"_.+,"++1 < It I. ,1 contradiction.

Case 2: +' E _+ \ _*(a + c)(a + d+ f)_U. Define the set of fragments 2V(z) of a string 2 E _* as fi)llows.

If z • (_t \ {f})* then 2(z) = {z }. Else z = z, fz,.., fz,, h,r some ,t _> 1 and unique z, ..... z,, • ([_ \ {f})*;

then

2F(z) = {=lf, fz2f,...,f% lf, fz,,}.

From u • ._ then

_-(+,) • (, + d)+f + 1(,_ + ,,)(+, + +t)+f + lb.

Because Irl > I++I,a,,d t is ,_,,t a factor of r, we obtain v • 5c(u). So

+, E 5F(u) \ _*(a + c)(a + d + f)_* = d+f + fcd*f + fb.

By Lemma 6.2, O(v) has no factor C, so this cast, is void. 13

Now we are ready 1o state t.|lO simlllat.iotl lottlllla.

LEMMA 6.5. Let u E +:91 and t • Z*. If O(u) --+t_,. t then 0(v) = t and 'u --+_+v for some v E rid.

Proof. Let u • ,£4 and s',s",t • E +, at,t let 0(u) = s'Ls'" and t = s'r.s'". By Lemma 6.4 thoro

are 'u',u" • _+, g' • {(L,c}, 9" • {r_,d,f} such that u = u'g'g".u" and 10(u')l < I.s'l < 10(u'._/)l and

t0(,")1 <_I.,"1< 1O(,J",+")l.Defi,,,, t', t" E _+ by s' = ¢,(_,')t' and .s"' = t"O(u"). Then

0(-) = O(,,')0(.q')0(:/')O(u") = O(,/)t'ee'O(u"),

so O(.q')O(.q")= t'gt". By I/'1 < 10(.q"+,")lw,, g,,t It"l < 10(,/')l. Define g" • E + by 0(9") = t_"t". Define

_' • _* by t'= e'e". So _(9') = t'e'. By 14 < 10(+,'.0')1w,, get [t'l < 10(.q')l and so g' E X +.

Since _5(9" ) is a prefix of r. we obtain _" E ()VL(& r), so t°'' =/:_ and g' = g;_. Define h', h," • _ I_y

{ii {+
h' = if g' = a, h"

= c ifg"=el,
if g' = c,

b if g" = f.

Then .q'.q" _ 1/fh" is ill R, and moreovor 0(g') = ¢(h')(_ = t'g+_ and 0(9") = 30(b") = 3t'. So

t' = O(h') and t" = O(I/') and so

t = .,',..," = _/t,')O(;,')O(/)O(h")O(,,") = ¢,(,,)



for v = #/Ffh"u". So u _j¢ v. By Lemma 6.3 we _('t t, C ._l. []

W(, are at)ou| to prove let'minati(m of ( --_ r by a reduction to t(ummation of/i ). For this pro'pose we

still need {g --+ r}-rvdm'tions that start in 0[.k4]. Sm'h reductions aw p_ovided by forward closures [10, 1]

as we will show ll(,Xt. "_V(' i1,'..i(,the fl)llowing ch;u;wlerizatii)n ()f"tinward cl )sures by H(,llllatlll.

DH:INITI()N 6.6 ([6, ('ort)llair(' 2.16]). Th,_ set of forward t'losur, s oj _t ,sh'iuO r_'mritin9 rulr (--+ r m,cr

alph.abci v is _h¢: lrc/sl .set FC(( --+ r) of [-9 r-re&regions such Hint

fcl. (t_ 1") _ FC(t + ,').

fc2. if (s_ -9_ t'_t') C FC(t--* r) and I = ('f" for .so're,,' t'.f" C E _ ll_.¢'t, (s_f"--+_ t{l't" -+_ t'_r) •

FC(/+ r).

f,:3. g (._, -_+ tq_t',')• Fc(c -_ ,.) t/,,,, (._, -++ t'_W; -_* t'_,'C) • F('(I -_ ,').
LI':MMA 6.7. Every fm'wurd do.sure _0"a ruh: ( --9 r of the form (4.:_;) whm*' t.d._ is nol ,, s,./fi:r of r,,.

has a ri.elht hand sid,_ i_ 0[._].

Prong By imltu'lion along tl,' dvfiniti, m of forward closure. Lel (s _+ t) • FC(f --+ r). In Case (fi'l)

we have t = r = O(f). In Cas(' (fc3) ttn' claim fl)lh)ws fronl Lelmna 6.5. This leaves to prove Case (f('2).

SUt)l)OSe that .s = .sit"', t = t'lr, (.sl -++ /'1 i(') • FC( ,/' --+ r), and t = t'g" fl)r some t".(" • E +. By

induct.iv(' hyl)otlwsis, there is u • .k4 such that fit[" = O(u). By definitiol, of .k4, _t has sutfix f or fb.

Caso 1: _t has suffix fb. Define .el' • _* by u = .effb. Ttwn

:1' _ (a + d(fc)* -I- d(fc)* fc)*d(fv)*

by definition of ._. We distinguish cases whether ]t' 1 > Iraqi or not.

(?as,' 1.1: {('[ > Ir,,[. Ttw string t',g' has suttix o(fb) = rr> By Iq < t"1 ,-,l I¢1 > I,,¢1w,, g(,t ¢ -- :,,

fl_r some non-empty suffix z of r. Now z • OVL(r,('), so z = <t. So f'_(' = O(g')rr,_ = O(.el')r,,(', whence

t'_ = O(V')r, = O(9' a). So t'tr= 0(9',)r = _(.q' af) for 9' af _ ..i4.

Ca,_,' [.2:I¢1 _< I,;,I. Then t' is a suffix of r,_ and so of r. So t' • OVL(,',() wh(uw(' g' = ,). So

tqt" = O(g'f)"_ = O(g'f)r.<,)t", whence /', = O(g'f)r;_,,, = O(g'fr). So t'_r = O(g'fc)r = O(g'fcf) for

o'I_'f _ .vl.
Case 2: 'u has suffix f. Define .el' • Q* by u = _.l'f. Then

.el' _ (a + d(f,')* + d(fr)*fc)"

_,,. (t,,fi,,itio,, ,,f v/. B:, I{I < 1,1 w,, _(.t )h,t t' • OVL(r.f), whe,,v(, t' = _. So t',(' = o(.q'f) = O(.q')r =

O(O')r,,g, wh(,nce t'_ = O(O')r,, = _)(J"). So t',r = O(V',)r = O(o'af) for O'"f • .V4. 0

LEMMA 6.8. ,4 rule g -+ r of the fl_r'm (4.3) terminate,s if (,_(,_ i.s 'not a su_:r of r_.

Proof If ( -_ r is non-terminating th(,n tlwr(' is an infinite rewriting sequ(mc(' si --+_,. s._>--+¢_+,....

starting from a right hand side of a forward closure [1]. By Lemma 6.7 .s_ • 0[.V[], i.e., there is ut E .',d

such that <9(_*_) = .s_. Bv induction on i, using Lemma 6.5, one easily l)roves that for every i th(,r(' is an

ni+l • .k/1 su(:h that both t_i --+,¢ *ti+l _111(t O(*ti+l) = Si+l. Hen(:(' w( got itll infinite reduction s('(tll('ll('('

_ --_¢ u., -+t¢ .... Contradiction to t,(,rminal,ion of H.

EXAMt)I,E 2. For cveT'y m _> O, the one-l'ltle H_S

ab(&tb)'"+' .b _ dababb(dab) .... _a

is terminating by Lemma 6.8. With, m = 0 we get the ,smallest terminati'_,!l witnes,s (Irl = 10) of Lemma, g._.

This example also proves that Kurth's [81 Criterion F is incomplet,e, for Criterion F applies only to the

left barren or right barren cases [3, Th('()r('m 6.31].



*_\'(' lit)t(' IIIOF('OV('I' 1hat the maxinml length of _ tier)vat ion starting with ._ G Z* is linear in I.s'[. This is

a direct consoquenee of the decreasing weight associated with a step u --+/¢ v.

7. The Main Theorem. Now we have all matorial together to prove our claim.

TIII.;()ItEM 7.1. Let IO\'L(r, t) I -- [OVL(t. r)t = 1. Then {t-_ r} temninate.s' 'if and only ff it has no

loop of lengths 1, 2, or 3.

Proof Let ()VL(r,t) -- {r)} and OVL(t,r) -= {;'4}. If t is a factor of r th(qi {{ --_ r} ]las a loop of

length 1 [8]. Else it" l(I _> l,l then {(--+ r} tornfin;|tes. If ( --+ r is It,t) lnn'run or right I)arren then {t"--+ r}

t0rminaws. St) suppose Ihat g is not a factor of r: lhat [('] < [r[; and that { ---) r is neither l¢'fl barren nor

right barren. We distinxuish cas(_s:

('aso 1: [: --+ r is neither left s-barren nor right s-barren. Then r = r't;_o and r = 3t,,r" fin somo strin_;s

_' ' , r_' _ " There is a loop of leng;th 2:

(as( 2: [ -_ r is left s-barren but not right s-barren. Then ( -_ r has the form (4.3). If (,_{:;_ is a suffix

of r,, then {t_ i"} has a loop of length 3 by Lemma 5.1. Else {t' --4 r} t(*rminates by Lemma 6.8.

Case 3: [' -_ r is not left s-barren but right s-1)arren. This case is symnmtric to Case 2: We have a loop

of length 3 if t,,{,_ is a prefix of r:_, othorwise termination.

Caso 4: [' _ r is both left s-barren and right s-barren. Then Lemma 4.1 and its dual apply, showing

13t > ]_,[ and [_[ > ]3 I, a e()ntratticti(m. So this case does not exist. This finishos the t)roof. [7

Km'th [9] has proved decidal)ility of the existence of loops of lengths 1, 2, or 3 fl)r one-rule SRSs. Ind(,ed.

for (wery SRS and every n > 1, the existence of lool)s of lengths less or equal n is de('idable [5].

COt_OI_[,AI%' 7.2. Termination is decidable for one-rule SRSs {{ _ r} that satisfy I()VL(r, ()[ =

] ()VL({,r) t = 1.

8. Conclusion. We proved that terInination of one-rule SRSs with one pair of overlal)s is equivalent to

the tlOll-existellt'e of loops of length less than t)r equal to 3. Thus we showed that termination is decidable

fl)r one-rule SRSs with one pair of overlaps. A surprising ol)servation in this investigation was the emergence

of non-tam(, rules, som(_ adniitting loops of length 3, and s()iii(, terminating. Such ruh,s were not ('ov('r(,(l t)y

th(' two t)rectlrsor l'(,slllts ])y Kllt'th an(t t)y Shikishima-Tsuji et al.

Acknowledgements. ll()[)(wt McNaught(m gave the author an appreciation of the intricacy of the

proI)leni.
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